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The beta-function formalism is being used to study the constant-roll inflation in k-essence models.
Assuming the second slow-roll parameter as a constant leads to a first order differential equation for
β-function which much easier to solve and find a solution than the second (non-liner) order equation
that we have in the corresponding standard constant-roll inflation. Many cosmological models are
known as a subclass of k-essence, so we will try to consider the model as general as possible. It
is determined that the second slow-roll parameter should be positive to produce a small value for
the first slow-roll parameter. The scenario is considered for three well-known cosmological model,
and it is clarified that for non-canonical and tachyon model, the scalar spectral index never reach
the observational range, however for DBI model we could arrives as a result consistence with the
observational data.
I. INTRODUCTION
The inflationary scenario is one of the best candidate to describe the evolution of the universe in very early times.
The first type of inflationary model was proposed by Starobinsky [1] which was based on the conformal anomaly in
quantum gravity. The model was very complicated and the main goal was not to solve the homogeneity and isotropy
problems. As a matter of fact, it was assumed that the universe is homogeneity and isotropy from the very beginning.
A simpler model of inflation was introduced by A. Guth [2], with this aim to solve the drawbacks of the hot big-bang
model. Although the model, which is known as old inflation, did not work properly, the idea was so elegant that it
had a deep impact on future inflationary models.
In a years after proposing the idea, it became clear that the scenario has its own defects, but using the idea of the
expansion the scenario of new inflation was propose in two independent works [3, 4]. And finally in 1983, Linde [5]
propose the chaotic inflation which stands mostly on slow-rolling assumption. So far, and by relying on slow-roll
assumptions, many inflationary models have been proposed such as non-canonical inflation [6–14], tachyon inflation
[15–18], G-inflation [19–22], brane inflation [23, 24], warm inflation [25–31] and so on. Today, there is a large amount
of observational data which clear our viewpoint about the earliest times of the universe evolution [32–34].
An extreme part of research on inflation is based on introducing a type scalar field potential which is mostly
motivated from fundamental theory of physics such as quantum field theory, supergravity, string theory, etc. There
are some other formalisms for studying inflation and the most recent formalism is addressed as β-function formalism,
introduced by [35]. The motivation for this formalism comes from an analogy between the dynamical equation of the
scalar field in FLRW background and a renormalization group equation. The similarity of the equations motivated
the authors of [35] to introduced a β-function for the evolution of the universe; the same process that is performed
in quantum field theory. They found that as β-function becomes smaller than unity, the universe experiences an
accelerated expansion phase, and for β = 0 there is an exact de-Sitter universe. So it is expected that the inflation
occurs as the β-function is near to zero.
Slow-roll inflationary scenario relies on this assumption that the slow-roll parameters during the inflation are smaller
than unity and the second slow-roll parameter η = φ¨
Hφ˙
includes to this fact. What happens if this parameter is exactly
zero? This question first was considered by [36], where it was shown that in this situation the curvature perturbations
could evolve on the superhorizon scales. In [37], the non-Gaussianity of such a model was considered and the result
determines that in this case the non-Gassuanity could be of order one in contrast to the standard slow-roll inflation
where the non-Gaussianity parameter is very small. The authors of [38] generalized the case a little more and assumes
that the slow-roll parameter η is a constant, and they could find an approximate solution for the model. Then, by
considering the scalar perturbations it was shown that, in general, the amplitude of the scalar perturbation could
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2be evolve even on superhorizon scales. The work has been improved in [39], where the authors use Hamilton-Jacobi
formalism [40–46] and extract an exact solution for the model. It was determined that the solution confirms attractor
behavior. Also, investigating the cosmological perturbation for the model showed that the amplitude of curvature
perturbations evolves on superhorizon scale, and to have an almost scale invariant feature, the second slow-roll
parameter should be chosen properly by using observational data. It worth to mention that the word ”constant-roll
inflation” was first addressed in [39]. The scenario has received cosmologists interest and many research have been
performed regarding the topic.
During this work, we are about to use the β-function formalism for studying constant-roll inflation. The k-essence
model is a wide cosmological model which many other cosmological model such as tachyon and DBI are subclass of
this model. The power of the β-formalism in considering the inflationary scenario motivates us to use this formalism
in constant-roll inflation as well. The canonical model of constant-roll inflation with β-function formalism has been
studied in [47], and it is determined that there could be a first order differential equation for the β-function instead
of the second order differential equation for the Hubble parameter [??]. By deriving the solutions of the model, it is
found out that they could agree with observational data. Here, the k-essence model, in the general form, is used to
describe constant-roll inflation. Applying β-function formalism leads to a first order differential equation; in contrast
to the Hamilton-Jacobi formalism which gives a second order differential equation. It is tried to derive the parameters
as general as possible so that by extracting the β-function from the differential equation, one could obtain the Hubble
parameter, time derivative of the scalar field, the slow-roll parameters and also the perturbation parameters such as
amplitude of the scalar perturbation, scalar spectral index and tensor-to-scalar ratio in a general form.
The paper is organized as follows: In Sec.II, we briefly review the k-essence model and present the main dynamical
equations. Then, the β-function is introduced. The slow-roll parameters are introduced in Sec.III, and they are
expressed in terms of the β, and by taking the second slow-roll parameter as a constant, a first order differential
equation is obtained for β which leads to a exact solution for the model. Sec.IV dedicated to the perturbation
parameters and they are expressed in general form. Comparing the results of the model with observational data
is performed in Sec.V, where the main perturbation parameters are estimated and the proper values of the model
constant are determined. The results will be sum up in Sec.VI.
II. K-ESSENCE MODEL AND β-FUNCTION
k-eesence model is a very well known model in cosmological studies. Many outstanding cosmological models are
subclass of this model such as non-canonical, Tachyon and DBI model. The action of the model in a general form is
given as
S =
∫
d4x
√−g
(
1
2
R+ L(X,φ)
)
(1)
where g is the determinant of the metric gµν , and R is the scalar curvature constructed from the metric. φ stands for
the scalar field and X is defined as X = gµν∇µφ∇νφ/2. The Lagrangian of the scalar field is indicated by L(X,φ)
which in general is an arbitrary function of X and the scalar field φ. Variation comes to the same field equation
Gµν = Tµν and the only difference is in the component of the scalar field energy momentum tensor so that for a
homogeneous and isotropic universe there are
ρ = 2XL,X − L, p = L. (2)
and sound speed, indicated by cs, is given by
c2s =
p,X
ρ,X
=
L,X
L,X + 2XL,XX . (3)
which the exact form depends on the form of the Lagrangian. Assuming a homogeneous and isotropic space-time we
are following the spatially flat FLRW metric as
ds2 = −dt2 + a2(t) (dx2 + dy2 + dz2) . (4)
and by applying it in the field equations, the evolution equations come to
H2 = 2XL,X − L, H˙ = −XL,X (5)
3In the Hamilton-Jacobi formalism, the Hubble parameter is introduced as a function of the scalar field which is
taken as clock of the system φ(t). Here, it will be useful to replace the Hubble parameter with the superpotential as
W (φ) = −2H(φ), so the Friedmann equations (5) are rewritten as
3
4
W 2(φ) = 2XL,X − L, W ′(φ) = L,X φ˙ (6)
where prime denotes derivative with respect to the scalar field. Eq.(6) is the Hamilton-Jacobi equation of the model,
in which by imposing an specific scalar field Lagrangian, the potential of the model is expressed in terms of the
superpotential W (φ) and its derivative. For instance, for three well-known k-essence model, one has
1. For non-canonical scalar field model with Lagrangian L(X,φ) = X (X/M)α−1−V (φ), the Friedmann equations
are given by
3H2 = (2α− 1)X
(
Xα
M
)α−1
+ V (φ), −2H˙ = 2α X
(
Xα
M
)α−1
(7)
the potential of scalar field could be obtained from the Firedmann equations as
V (φ) =
3
4
W 2(φ)− (2α− 1)
2αM4(α−1)
[
2α−1M4(α−1)
α
W ′(φ)
] 2α
2α−1
, (8)
where the identity H˙ = φ˙H ′ has been utilized. The sound speed of the model is acquired from Eq.(3) and by
using the Lagrangian as
cs =
1√
2α− 1 , (9)
which is a constant and for α = 1 comes back to the canonical model of scalar field, i.e. cs = 1.
2. For the tachyon scalar field model the Lagrangian is given by L(X,φ) = −V (φ)√1− 2X, which leads to the
following Friedmann equations
3H2 =
V (φ)√
1− φ˙
, −2H˙ = 3H2φ˙2 (10)
From above equations and by using the fact that the time derivative of the Hubble parameter could be written
as H˙ = φ˙H ′, the potential of the tachyon field is reached as
V (φ) =
3
4
W 2(φ)
√
1− 8
9
W ′2(φ)
W 4(φ)
(11)
where we have applied the superpotential W (φ) instead of the Hubble parameter. Based on the definition (3),
the sound speed for the model is read as
cs =
√
1 +
2
3
H˙
H2
==
√
1− 2
3
ǫ (12)
where ǫ = − ˙H/H2 is known as the first slow-roll parameter which will be introduced in next section.
3. For the DBI scalar field model, where the Lagrangian is L(X,φ) = −f−1(φ)
[√
1− 2f(φ)X − 1
]
− V (φ), one
arrives at the following Friedmann equations
3H2 =
γ − 1
f(φ)
+ V (φ), −2H˙ = γφ˙2, (13)
4in which the parameter γ is known as the Lorentz coefficient and defined as
γ =
1√
1− f(φ)φ˙2
. (14)
From the second Friedmann equation of the DBI model (13) and by notting Eq.(6), it is found out that the γ
parameter is the derivative of the Lagrangian of the model, i.e.
γ = L,X (15)
which also could be verified by taking derivative of the Lagrangian.
Working with the Friedmann equations, the potential for DBI scalar field is obtained as
V (φ) =
3
4
W 2(φ) − (γ − 1)
f(φ)
(16)
From the definition of the γ parameter and by using the second Friedmann equation, the function f(φ), which
is addressed as the brane tension, could be written as
f(φ) =
γ2 − 1
W ′2(φ)
. (17)
Then, the potantial (16) is rewritten as
V (φ) =
3
4
W 2(φ) − W
′2
γ + 1
=
3
4
W 2(φ)
[
1− 2
3
γ ǫ
γ + 1
]
. (18)
From the definition of sound speed (3), it is realized that the sound speed for the model is related to the inverse
of the γ parameter the potential and sound speed are given by
cs =
1
γ
=
√
1− f(φ)φ˙2 (19)
According to [48, 49], the β-function is introduced as
β(φ) =
√
L,X dφ
d ln(a)
=
√
L,X φ˙
H
=
−2√L,X
W ′(φ)
W (φ)
. (20)
By this definition, it could be easily confirmed that the equation of state is found out only in terms of β in which
ρ+ p
ρ
=
1
3
β2(φ) (21)
Then, the inflation could happen in the vicinity of zero of β.
III. SRP AND CONSTANT-ROLL INFLATION
The inflation is known as a phase of accelerated expansion for the earliest times, where the universe undergoes
an extreme expansion in short period of time. The inflation usually describe through some slow-roll parameters,
for instance the first one is ǫ = −H˙/H2 which is the variation of the Hubble parameter in a Hubble time. If this
parameter is smaller than one, ǫ < 1, the acceleration phase of the universe is guaranteed so that a¨/a = H2(1 − ǫ).
The other slow-roll parameters are defined through a hierarchy treatment as if the first one is
ǫ1 = − H˙
H2
(22)
the next ones are given as
ǫi+1 =
ǫ˙i
Hǫi
(23)
5Now we are bout to rewrite the slow-roll parameters in terms of β. Using Eqs.(5) and (21), the first slow-roll
parameters could be expressed as
ǫ1 = − H˙
H2
=
3
2
ρ+ p
ρ
=
1
2
β2(φ), (24)
which received a very simple form. The second slow-roll parameter is given through the definition (23) and Eq.(20)
as
ǫ2 =
ǫ˙1
Hǫ1
=
2β′(φ)√L,X . (25)
The first slow-roll parameter should be smaller than unity in constant-roll inflationary scenario as well. The story of
the second slow-roll parameter is different. In constant-roll inflationary scenario, the second slow-roll parameters is
assumed as a constant which in general it might be of order unity and not small. Taking into account this assumption,
ǫ2 = λ, one arrives at the following differential equation for β
β′(φ) =
λ
2
√
L,X . (26)
Here in k-essence model L,X could be in general a function of both scalar field φ and φ˙. By applying this differential
equation on Eq.(20), the superpotential could be exported as a function of scalar field as
W (φ) = W0 exp
(−1
2λ
β2(φ)
)
, (27)
where W0 is a constant of integration. From the definition, we have 2H(φ) = −W (φ). Since the Hubble parameter is
a positive quantity during the inflation, the function W (φ) and then W0 must be negative.
Solving the first order differential equation (26), and getting an exact solution for β, first need to specify the term
L,X as a function of the scalar field.
The amount of expansion during inflation is given by the number of e-fold parameter which is obtained as
N =
∫ te
t⋆
Hdt =
∫ φe
φ⋆
H
φ˙
dφ =
∫ φe
φ⋆
√L,X
β(φ)
dφ =
∫ φe
φ⋆
√L,X
β(φ)β′(φ)
dβ =
2
λ
∫ φe
φ⋆
dβ
β(φ)
, (28)
where Eq.(26) has been used, and here the subscripts ”e” and ” ⋆ ” respectively stands for the end of inflation and
the time of horizon crossing. Taking integrate leads one to
β(φ⋆) = β(φe) e
−λN
2 . (29)
In addition, at the end of inflation
ǫ(φe) = β
2(φe)/2 = 1, (30)
then, in general, there is
β⋆ =
√
2 e
−λN
2 ; ǫ⋆1 = e
−λN . (31)
The fundamental assumption is that the slow-roll parameter ǫ is smaller than one at the time of horizon crossing.
Due to this fact, the constant λ must be positive otherwise the slow-roll parameter goes below one.
From Eq.(27) and by imposing Eq.(31), the superpotential could be found out during inflation as a function of number
of e-fold as
W ⋆ =W0 exp
(−1
λ
e−λN
)
, H⋆ =
−W ⋆
2
(32)
By determining β in terms of the scalar field, which in turn needs to specify
√L,X as a function of the scalar field,
the scalar field at the time of horizon crossing could also be obtained in terms of the number of e-fold.
In this regards, we are going to assume three typical function of the scalar field for
√L,X and consider the solution
of the model in detail. In the following lines we introduce three common functions as power-law, exponential and
hyperbolic function of β(φ) for the term
√L,X and consider the solutions.
6A. First Ansantz:
√
L,X = A1β
n(φ)
Applying this ansantz to Eq.(26), the function β is obtained as
β(φ) =
(
λA1(1− n)
2
(φ− φ0)
) 1
1−n
(33)
and from the above definition, we have
L,X = A21
(
λA1(1− n)
2
(φ− φ0)
) 2n
1−n
(34)
Using Eq.(20), the superpotential is obtained by taking an integrate which comes to
W (φ) =W0 exp
(
−1
2λ
(
λA1(1− n)
2
(φ− φ0)
) 2
1−n
)
, (35)
and the time derivative of the scalar field during inflation could be found out by using Eq.(20) as
φ˙ =
−W0
λA21(1 − n) (φ− φ0)
exp
[
−1
2λ
(
λA1(1− n)
2
(φ − φ0)
) 2
1−n
]
. (36)
The first slow-roll parameter ǫ1 is given in Eq.(24), and is read as
ǫ1(φ) =
1
2
(
(1− n)λA1
2
(φ− φ0)
) 2
1−n
(37)
and by substituting Eqs.(30) and (31) into (33), the scalar field at the end and horizon crossing time of inflation are
respectively given by
(φe − φ0) = 2
3−n
2
(1− n)λA1
(φ⋆ − φ0) = 2
3−n
2
(1− n)λA1 exp
(
(n− 1)λ
2
N
)
. (38)
By assuming that during inflation the term (φ − φ0) is always positive, From Eq.(36) it is clear that for n > 1(< 1),
the time derivative of the scalar field is negative (positive) and then the scalar field decreases (increases) during the
time. On the other hand, since we claim for having a positive (φ−φ0), the constant A1 should be negative (positive).
B. Second Ansantz:
√
L,X = A2 exp (M2β(φ))
For this choice, β-function is obtained from differential equation (26) as
β(φ) =
−1
M
ln
(−M2A2λ
2
(φ− φ0)
)
, (39)
where φ0 is a constant of integration. Following the definition, the term L,X is given by
L,X = 4
M22λ
2(φ − φ0)2 , (40)
and using Eq.(20), the superpotential is realized as
W (φ) = W0 exp
(
−1
2M22λ
[
ln
(−A2M2λ
2
(φ− φ0)
)
.
]2)
(41)
7Inserting above superpotential in Eq.(20) leads one to the time derivative of the scalar field which is
φ˙ =
−λW0
4
(φ − φ0) ln
[−M2A2λ
2
(φ− φ0)
]
(42)
exp
[
−1
λM22
(
ln
[−M2A2λ
2
(φ− φ0)
])2]
.
From EQ.(20), the first slow-roll parameter is acquired as follows
ǫ1 =
1
2M22
[
ln
(−A2M2λ
2
(φ − φ0)
)]2
. (43)
Inflation ends as the slow-roll parameter ǫ1 reaches unity. Then, using Eqs.(30), (31) and (39), one could find the
scalar field at the end of inflation and at the horizon crossing time respectively as
φe − φ0 = −2
A2M2λ
exp
(
−
√
2 M2
)
,
φ⋆ − φ0 = −2
A2M2λ
exp
[
−
√
2M2 exp
(−λN
2
)]
. (44)
Assuming (φ − φ0) > 0, then A2M3 should be negative to release the logarithmic term from being indefinite. Then,
to have φ˙ > 0, the condition −A2M2λ2 (φ−φ0) > 1 should be satisfied, otherwise the time derivative of the scalar field
will be negative. Now suppose that −A2M2λ2 (φ−φ0) > 1, then by investigating Eq.(44) it is realzed that the constant
M2 is negative to satisfy the increasing behavior of the scalar field. And if
−A2M2λ
2 (φ− φ0) < 1 which means φ˙ < 0,
Eq.(44) states that the constant M2 be positive to satisfy the decreasing behavior of the scalar field.
C. Third Ansantz: L,X =
A3
cosh(M3β(φ))
Imposing this choice on Eq.(26) comes to the following expression for β
β(φ) =
1
M3
sinh−1
(
A3M3λ
2
(φ− φ0)
)
, (45)
where φ0 is a constant of integration. Then, for L,X we have
L,X =
(
A3
cosh
[
sinh−1
(
A3M3λ
2 (φ− φ0)
)]
)2
. (46)
By determining β(φ), the superpotential will be clear by taking an integrate, so that it is obtained as
W (φ) = W0 exp
[
−1
2M23λ
[
sinh−1
(
A3M3λ
2
(φ− φ0)
)]2]
. (47)
Then, using Eq.(6), the time derivative of the scalar field is given in terms of the scalar field as
φ˙ =
−W0
2A3M3
(
cosh
[
sinh−1
(
A3M3λ
2 (φ− φ0)
)] )2
sinh−1
(
A3M3λ
2 (φ− φ0)
)
√
1 +
A2
3
M2
3
λ2
4 (φ− φ0)2
× exp
[
−1
2M23λ
[
sinh−1
(
A3M3λ
2
(φ− φ0)
)]2]
. (48)
The first slow-roll parameter has a simple relation with β as Eq.(20), and is given by
ǫ1 =
1
2M23
[
sinh−1
(
A3M3λ
2
(φ− φ0)
)]2
. (49)
8Following the same approaches as the previous cases, the scalar field could be read at the end of inflation and during
inflation versus N as
φe − φ0 = 2
A3M3λ
sinh
(√
2M3
)
,
φ⋆ − φ0 = 2
A3M3λ
sinh
(√
2M3 e
−λN
2
)
. (50)
Assume that during the inflationary time, the term (φ− φ0) is always positive. In this case, from Eq.(48), it is found
out that the time derivative of the scalar field is always positive as well, which results in an increasing behavior for
the scalar field. The positiveness of the term φ−φ0 should also apply to the Eq.(50), which clarifies that the constant
A3 is always positive, regardless of the sign of the constant M3.
IV. COSMOLOGICAL PERTURBATIONS
An interesting feature of inflationary scenario is predicting cosmological perturbations which are divided to scalar,
vector and tensor perturbations. Up to the linear approximation, these three types evolve independently. Scalar
perturbations are known as the seed of large scale structure of the universe, and tensor perturbations are also addressed
as gravitational waves. However, vector perturbations are proportional to the inverse of the scale factor of the universe
and during inflation because of extremely growth of the universe, it drops fast and is ignored. The most important
perturbations parameters are known as amplitude of curvature perturbation, scalar spectral index, and tensor-to-
scalar ratio which is an indirect measure of the tensor perturbations. The latest observational data indicates that the
primordial spectrum is almost scale invariant and it does not evolve after horizon crossing. There are many slow-roll
inflationary scenario which are in perfect agreement with the results however the scenario of constant-roll inflationary
scenario is different. In constant-roll inflationary scenario the second slow-roll parameter is taken as a constant which
in general could be even of order one. This assumption allows the power spectrum to evolve even on superhorizon
scales. Then, in order to have a valid model for describing universe inflation, the parameter needs to be constraint
with observational data.
In this section we are going to obtain the main perturbations parameters of k-essence model in constant-roll inflation,
which are mainly based on [? ]. The subject has been studied in [? ? ? ] in detail and the reader could refer to them
for more information. Then we are going to follow the procedure in brief. An small perturbation of the scalar field
induced a perturbation to the metric, in which in longitudinal gauge it could be written as
ds2 =
(
1 + 2Φ(t,x)
)
dt2 − a2(t)(1− 2Ψ(t,x))δijdxidxj .
By assuming a diagonal tensor for the spatial part of the energy-momentum tensor, the action for the scalar pertur-
bation is given by
S =
1
2
∫ (
v′2 + c2sv(∇v)2 +
z′′
z
v
)
dτd3x. (51)
in which v ≡ z
(
Φ +H δφ
φ˙
)
, and prime denotes derivative with respect to the conformal time τ , adτ = dt. The
quantity z, known as the Mukhanov variable, is read as [50? ]
z2 ≡ a
√
ρ+ p
csH
.
and by imposing the Eq.(2) and Eq.(20) it could be expressed in terms of the β-function as
z =
a
√
φ˙2L,X
csH
= −εaβ
cs
, (52)
where ε = ±1. The perturbation equation for the variable v is extracted from Eq.(51) as follow
d2
dτ2
vk(τ) +
(
c2sk
2 − 1
z
d2z
dτ2
)
vk(τ) = 0. (53)
9in which for subhorizon scales, where csk ≫ aH (i.e. csk ≫ z′′/z), it leads to the following asymptotic solution
vk(τ) =
1√
2csk
eicskτ . (54)
Defining the new variable fk as vk =
√−τfk, the differential equation comes to the Bessel’s differential equation
d2fk
dx2
+
1
x
dfk
dx
+
(
1− ν
2
x2
)
fk = 0,
z′′
z
=
ν2 − 14
τ2
, (55)
where the general solution of the above differential equation clearly are the first and second kinds of Hankel function.
However, by imposing the asymptotic solution for subhorizon scale, only the first kind of Hankel function remains.
The spectrum of curvature perturbation is defined through the following relation
Ps = k
3
2π2
|ζ|2 = k
3
2π2
∣∣∣vk
z
∣∣∣2 .
in which for superhorizon scale it comes to
Ps =
(
2ν−
3
2Γ(ν)
Γ(3/2)
)2 (
H2
2π
√
cs(ρ+ p)
)2 (
csk
aH
)3−2ν
. (56)
Utilizing Eqs.(21) and (24), the amplitude of the curvature perturbations at the time of horizon crossing is given as
Ps = 1
8π2
(
2ν−
3
2Γ(ν)
Γ(3/2)
)2
H2
csǫ1
. (57)
The scalar spectral index is given in terms of the parameter ν as
ns − 1 = 3− 2ν. (58)
Then, to obtain the scalar spectral index, one has to derive the derivative of z with respect to the conformal time τ .
Before that, we are going to rewrite the parameter z by using Eqs.(6) and (20) as
z =
a
√
φ˙2L,X
csH
= −εaβ
cs
, (59)
where ε = ±1. Takin derivatives, one arrives to
1
z
d2z
dτ2
= (aH)2
(
2− ǫ1 + 3
2
λ− 3s+ 1
2
λǫ1 +
1
4
λ2 − λs− s˙
H
)
, (60)
in which s is another slow-roll parameters which determines the rate of sound speed in a Hubble time, i.e. s = c˙scsH .
Since in quasi-de Sitter one has aH = −(1 + ǫ2)/τ , up to the first order, the parameter ν is given by
ν2 =
9
4
+ 3ǫ1 +
3
2
λ− 3s+ 5
2
λǫ1 +
1
4
λ2 +
1
2
λ2ǫ1 − λs− s˙
H
. (61)
Then, the scalar spectral index (58) is clear in terms of the slow-roll parameters of the model.
One the other hand, the second slow-roll parameter has no roll in the dynamical equation of tensor perturbations
[?], and there the same relation for amplitude of tensor perturbation as we have in slow-roll inflation so that
Pt = 2 H
2
π2
. (62)
Then using Eqs.(57) and (62), the tensor-to-scalar ratio is obtained easily
r =
Pt
Ps = 16
(
Γ(3/2)
2ν−
3
2Γ(ν)
)2
csǫ1. (63)
10
In the following section we are going to derive the results for specific models of k-essence as non-canonical, Tachyon
and DBI scalar field models and compare them with observational data and realize that what values of second
slow-roll parameters are allowed by data.
And finally, the main perturbation parameters at the time of horizon crossing are obtained as
P⋆s =
1
8π2
(
2ν
⋆− 3
2 Γ(ν⋆)
Γ(3/2)
)2
W 20
c⋆se
−λN
exp
(−2eλN
λ
)
,
ν⋆2 =
9
4
+
3λ
2
+
λ2
4
+
(
3 +
5λ
2
+
λ2
2
)
eλN −
(
3 + λ+
c¨s
cs
∣∣∣
⋆
)
s⋆,
n⋆s = 4− 2ν⋆,
r⋆ = 16
(
Γ(3/2)
2ν
⋆− 3
2 Γ(ν⋆)
)2
c⋆s e
−λN . (64)
V. RESULTS AND OBSERVATIONAL CONSTRAINTS
By considering the perturbation parameters of the model in previous section, we are now in a place to study the
behavior of the perturbations parameters during inflation and compare them with observational data. In this regards,
an analytical solution for the function β is required which has been done in the Sec.... for three different ansantzs,
and the corresponding results will be used here when we are about to apply them at the time of horizon crossing.
The results will be general until one comes to the sound speed when it is necessary to introduced an specific type
of Lagrangian. The sound speed appears directly in the tensor-to-scalar ratio, and through the slow-roll parameter
s in the scalar spectral index. Here we are going to consider three well-known Lagrangian as non-canonical model,
tachyon model and DBI model for each case.
A. Non-canonical scalar field model
The general perturbation parameters have been determined in the previous section. Here we need to find the sound
speed and its derivative, to specify the form of the scalar spectral index. The sound speed for non-canonical model is
a constant
cs =
1√
2α− 1 , (65)
which leads to vanish the slow-roll parameter s and its time derivative. Therefore, the parameter ν is read by
ν2 =
9
4
+
3λ
2
+
λ2
4
+
(
3 +
5λ
2
+
λ2
2
)
e−λN . (66)
and the scalar spectral index is defined through the parameter ν as in Eq.(64). It is realized that the parameter only
depends on the second slow-roll parameter λ and the number of e-fold N , which is required to be around 65 to solve
the problem of hot big bang model. Fig.1 shows the behavior of the scalar spectral index versus λ for different choice
of the number of e-fold. It is clearly realized that for interested value of the number of e-fold, the estimated value of
the model for ns could not stand near the observational data. Another point is that, this argue is independent of the
form of
√L,X .
B. Tachyon scalar field model
For the next type of k-essence model, here we are going to study the tachyon scalar field model. For the tachyon
model, the sound speed is obtained in terms of the slow-roll parameters ǫ1
cs =
√
1− 2
3
ǫ1 . (67)
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FIG. 1: The scalar spectral index versus λ for different choice of number of e-fold in the non-canonical model.
Then, one could obtain the slow-roll parameter s and its time derivative as
s =
−λ
3
e−λN
1− 23e−λN
,
s˙
H
= λs =
−λ2
3
e−λN
1− 23e−λN
. (68)
Substituting these quantities in Eq.(64), the parameter ν is found out as
ν2 =
9
4
+
3λ
2
+
λ2
4
+
(
3 +
5λ
2
+
λ2
2
)
e−λN +
λ(3 + 2λ)
3
e−λN
1− 23e−λN
. (69)
As it is seen, the scalar spectral index for tachyon model only depends on λ and number of e-fold N . Same as the
previous case, the scalar spectral index is extracted in a general form, namely specific function of β is not required.
Behavior of the scalar spectral index versus second slow-roll parameter λ is illustrated in Fig.2 for different choice of
number of e-fold. For proper values of number of e-fold, i.e. 55− 65, the scalar spectral index is not compatible with
observational data. Then, we are going to leave this case as well.
FIG. 2: The scalar spectral index versus λ for different choice of the number of e-fold has been plotted in the tachyon model.
C. DBI model
From the dynamical equation of DBI model, it could be concluded that the sound speed for DBI model could be
stated as cs = −φ˙/2H , and by using Eq.(20), it could be acquired as
cs = L−1,X . (70)
which is in agreement with Eq.(15) (19). Clearly, the form of the sound speed and its related slow-roll parameters, s
and s˙/H , depend on the form of the Lagrangian, and the function which is obtained for β. Therefore, we are going
to complete the work, for three choices of L,X that were made in Sec.III.
Before going to more detail about the sound speed and its related slow-roll parameter, there are more result one could
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get in general. Based on the form of the sound speed it is expected to see the other model constants (rather than λ
and N) in the scalar spectral index, and tensor-to-scala ratio. Therefore, we are going to determined these parameters
based on other data that we have about the amplitude of scalar perturbation and the energy scale of inflation [planck].
Based on the amplitude of the scalar perturbation presented in Eq.(64), the constant W0 could be found as
W0 = ε
[
8π2
(
Γ(3/2)
2ν
⋆− 3
2 Γ(ν⋆)
)2
e−λNP⋆s exp
(
2e−λN
λ
)] 12
1
Z(β⋆)
, (71)
where ε = ±1, and the function Z(β) is a typical function chosen as Z(β) ≡√L,X where the superscript ⋆ indicates
that the parameters is evaluated at the horizon crossing time.
On the other hand, based on the dynamical equation that were derived in Sec.II, the potential of the DBI scalar
field could be expressed as
V (φ) =
3
4
W 2(φ)
[
1− 1
3
[
β(φ) Z
(
β(φ)
) ]2
Z2
(
β(φ)
)
+ 1
]
, (72)
and at the time of horizon crossing, one arrives at
V ⋆ =
3
4
W 20 exp
(−2
λ
e−λN
) 1− 1
3
(√
2 e
−λN
2 Z⋆
)2
Z⋆2 + 1

 , (73)
where with attention to the choices of Z(φ) that we made in Sec.III, it is realized that the constant Ai (i is related
to the number of typical example) is hidden in Z⋆. This constant could be extracted from Z⋆ as follow:
Z⋆1 = A1Z˜
⋆
1 , where Z˜
⋆
1 =
√
2n e
−nλN
2 , (74)
Z⋆2 = A2Z˜
⋆
2 , where Z˜
⋆
2 = exp
(√
2M2 e
−λN
2
)
, (75)
Z⋆3 = A3Z˜
⋆
3 , where Z˜
⋆
3 =
1
cosh
(√
2 M2 e
−λN
2
) . (76)
Then for the constant W0, there is
W0 =
Q⋆
Ai
, (77)
where
Q⋆ ≡ ε
[
8π2
(
Γ(3/2)
2ν
⋆− 3
2 Γ(ν⋆)
)2
e−λNP⋆s exp
(
2e−λN
λ
) ] 12
1
Z˜⋆i
,
and by applying the constant W0 from Eq.(77) into Eq.(73), one could determined the constant A0 as
A2i =
1
2ξ⋆Z˜⋆2i
[
−
(
(β⋆2 − 3) Z˜⋆2i − ξ⋆
)
±
√(
(β⋆2 − 3) Z˜⋆2i − ξ⋆
)2
− 4ξ⋆Z˜⋆2i
]
, (78)
in which the defined quantities are given as
ξ⋆ =
4V ⋆
Q⋆2 exp
(
−2
λ e
−λN
) .
Based on the latest observational data, the amplitude of scalar perturbation is about ln
(
1010Ps
)
= 2.94, and for the
energy scale of the inflation there is V ⋆ < 1.7× 10−2 (note that we put Mp = 1). Then, the constant W0 and Ai were
obtained in terms of the other two constant of the model. In the subsequent lines, we are going to consider the model
for specific choice of
√L,X , and by using the observational data for the scalar spectral index, and the tensor-to-scalar
ratio, determine to remaining constant of the model.
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1. Power-Law case:
For this case, the sound speed of the DBI scalar field is given by
c⋆s =
1
2nA21 e
−nλN
. (79)
Then, the related slow-roll parameters s and s˙/H are acquired as
s = −nλ, s˙ = 0. (80)
Using above slow-roll parameters in Eq.(64), the parameter ν is obtained as
ν2 =
9
4
+
3λ
2
+
λ2
4
+
(
3 +
5λ
2
+
λ2
2
)
e−λN + nλ(3 + λ). (81)
It contribute in scalar spectral index through the relation ns = 4− 2ν, which is clearly realized that the scalar
spectral index depends of the constant λ and n, where the number of e-fold is chosen as N = 65. On the other
side, using the sound speed (79), (78) in (64), the tensor-t-scalar ratio is extracted in terms of λ and n as well.
Then, using the r − ns diagram of Planck could lead one to obtained the suitable values of the model that put
the model prediction about ns and r in observational range. Fig.3 shows this range for the constant. Fig.4
FIG. 3: The figures shows the proper values of the model constants λ and n where the number of e-fold is N = 65.
shows the behavior of the time derivative of the scalar field and first slow-roll parameter in order to consider
the consistency of these two parameter. It is illustrated in Fig.4a that the time derivative of the scalar field
is positive during the inflation. Then, passing time and approaching to the end of inflation, the scalar field
is increased. On the other hand, ǫ = 1 has been assumed as the end of inflation, then it is expected that by
passing time and increasing the scalar field, the parameter ǫ reaches one and indicates the end of inflation. This
behaviors is clear from the Fig.4 which shows the consistency between the behavior of these two parameters,
i.e. φ˙ and ǫ.
(a) (b)
FIG. 4: Behavior of a) φ˙, and b) ǫ1 during the inflation versus the scalar field.
As the final step, the behavior of the potential of the model for this case is presented in Fig.5. Since the time
derivative of the scalar field is positive, the scalar field has smaller values at the beginning of inflation. Therefore,
the scalar field at the beginning of inflation is at the top of its potential, and by passing time it slowly rolls down
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FIG. 5: Behavior of the potential of the scalar field for DBI model with the first typical choice of the Lagrangian.
to the bottom of its potential, which is clear from the Fig.5. The energy scale of inflation could be also read
from the plot, which declares that the energy scale of inflation is about (V ⋆)1/4 ∝ 10−3(Mp) which is smaller
than the Planck energy scale.
2. Exponential case:
Using the second introduced ansatz, and by applying results of Sec...., the sound speed and the related slow-roll
parameters at the time of horizon crossing are obtained as
cs =
1
A22
exp
(
2
√
2 M2e
−λN
2
)
,
s =
√
2 λM2 e
−λN
2 ,
s˙
H
=
λ
2
s =
λ2√
2
M2 e
−λN
2 . (82)
With above relation, the corresponding ν is given by
ν2 =
9
4
+
3λ
2
+
λ2
4
+
(
3 +
5λ
2
+
λ2
2
)
e−λN −
√
2 λM2(3 + λ) e
−λN
2 − λ
2
√
2
M2 e
−λN
2 , (83)
which vividly clarifies that the scalar spectral index depends on the second slow-roll parameter λ and M2. To
find out the dependence of the tensor-to-scalar ratio on the model constant, one could use the sound speed (82)
and (78) and insert them into Eq.(64). It is shown that same as ns, the tensor-to-scalar ratio also depends on
λ and M2 (where the number of e-fold is picked out as N = 65). To determine these constant, one can use the
Planck r − ns diagram, and restrict the model constant as has been performed in Fig.6, where the dark and
light blue area respectively show the range of the constants that for every point in this range the model result
stands in 68% and 95% CL area.
FIG. 6: The figures shows the proper values of the model constants λ and M2 where the number of e-fold is N = 65.
So far we could determine the free parameters of the model using the observational data for the perturbation
parameters and energy scale of the inflation based on Planck data. In this step, we are about to use these free
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parameters and consider the behavior of the time derivative of the scalar field and the slow-roll parameter ǫ1
during inflation, and investigate their compatibility. Fig.7 describe behavior of these two parameters during
inflation. It is clearly seen in Fig.7a that φ˙ is always negative which means that the scalar field decreases
during inflation. Then, the scalar field value at the time of horizon crossing should be bigger than the scalar
field value at the end of inflation. Consequently, it is expected that the slow-roll parameter ǫ1 be smaller than
unity for bigger values of the scalar field and increases by passing time and reducing of the scalar field. It is
confirmed in Fig.7b, where one could find the behavior of ǫ1 versus scalar field during inflation.
(a) (b)
FIG. 7: Behavior of a) φ˙, and b) ǫ1 during the inflation versus the scalar field.
The behavior of the potential during inflation for this case is depicted in Fig.8. As it was discussed the time
derivative of the scalar field is negative, then the scalar field at the beginning of inflation has bigger values.
Hence, the Fig.8 clearly determines that the scalar field stands at the top of its potential at the beginning, then
it slowly rolls down to the bottom. The energy scale of inflation for this case is about (V ⋆)1/4 ∝ 10−3(Mp).
FIG. 8: Behavior of the potential of the scalar field for DBI model with the second typical choice of the Lagrangian.
3. Hyperbolic case:
For the third ansantz, the sound speed of DBI scalar field is read as
cs =
1
A23
cosh2
(√
2M3e
−λN
)
. (84)
and the corresponding slow-roll parameters s and its time derivative come to
s =
√
2 λ M3e
−λN
2 tanh
(√
2M3e
−λN
2
)
, (85)
s˙
H
=
λs
2

1 +
√
2M3e
−λN
2
sinh
[√
2 M3e
−λN
2
]
cosh
[√
2 M3e
−λN
2
]

 (86)
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Applying the above conclusion, the parameter ν is derived as
ν2 =
9
4
+
3λ
2
+
λ2
4
+
(
3 +
5λ
2
+
λ2
2
)
e−λN (87)
−(3 + λ)
√
2λM3 e
−λN
2 tanh
[√
2λM3 e
−λN
2
]
−λ
2
2
√
2M3 e
−λN
2 tanh
[√
2λM3 e
−λN
2
] 1 +
√
2 M3e
−λN
2
sinh
[√
2M3e
−λN
2
]
cosh
[√
2 M3e
−λN
2
]

 .
Through the relation ns = 4 − 2ν, it is found out that the scalar spectral index is only depends on the second
slow-roll parameter λ and M3. In addition, by imposing Eqs.(??) and (78) on Eq.(64), the tensor-to-scalar ratio
is extracted also in terms of λ and M3. To constraint the constants, the Planck r− ns diagram is used and one
could find a range for every constant which put the model in agreement with observational data. Fig.9 portrays
these ranges for the constants λ and M3 in which the light and dark blue range indicate values of the constants
that the result stands respectively in 95% and 68% CL.
Following above approach, we could specify the free parameters of the model by applying the latest observational
FIG. 9: The figures shows the proper values of the model constants λ, M3, when one picks out the third ansantz for the term
L,X , and DBI Lagrangian. The result is plotted for number of e-fold N = 65.
data of Planck. By applying these results, one could consider the behavior of the time derivative of the scalar
field and first slow-roll ǫ1 during inflation and check the consistency of these two parameter. In this regards,
Fig.10a depicts φ˙ and ǫ1 in terms of the scalar field. In contrast to the previous case, here φ˙ is positive during
the whole inflationary times which means the scalar field increase by passing time, and at the end of inflation
we have a bigger scalar field value than the initial scalar field value. Therefore, the slow-roll ǫ1 is expected to
be smaller than unity at smaller values of the scalar field and by passing time and growing scalar field it should
increase and reaches one. This expectation is confirmed in Fig.10b.
(a) (b)
FIG. 10: Behavior of a) φ˙, and b) ǫ1 during the inflation versus the scalar field.
The potential of the scalar field for this case is illustrated in Fig.11, where the inflation begins for the smaller
values of the scalar field (due to the positiveness of the φ˙). At the beginning, the scalar field stands on the
top of its potential, then it rolls down to the bottom. The energy scale of inflation is as the same order as the
previous cases as (V ⋆)1/4 ∝ 10−3(Mp).
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FIG. 11: Behavior of the potential of the scalar field for DBI model with the third typical choice of the Lagrangian.
VI. CONCLUSION
Utilizing β-function formalism, the constant-roll inflationary scenario for k-essence model of cosmology was consid-
ered. The Lagrangian of the k-essence model is assumed to be a function of the scalar field φ, and its time derivative
X . The k-essence model is known as a wide model in which many known cosmological models such as non-canonical,
tachyon and DBI are recognized as a subclass of it. Inspiring from renormalization group equation, the recently pro-
posed approach named as β-function formalism seems to be eligible method for considering constant-roll inflationary
scenario, especially when the constancy of the second slow-roll parameter results in first order differential equation; in
contrast to the usual approach that gives a second order differential equation which could be also non-linear. However,
for the case of k-essence model, the term L,X appears in the differential equation of β, which makes it difficult to find
a solution in general. Regardless of solving the equation and finding the β in terms of the scalar field, β-function, the
slow-roll parameter ǫ and the superpotential are determined at the time of horizon crossing and at the end of inflation.
The first slow-roll parameter was acquired as ǫ = e−λN which states that the second slow-roll parameter should be
positive to arrives at a small value or ǫ at the time of horizon crossing which is our fundamental assumption. However
in order to go through more detail, it was assumed that the term L,X could be stated in terms of β and a general
solution was found for three different choice of L,X .
Cosmological perturbations of the model was investigated, and the important parameter z was expressed in terms of
the β-function, scale factor and the sound speed which depends on the type of the chosen Lagrangian. The parameter
z and its derivative have fundamental role in the dynamical equation of the scalar perturbations, and appears in the
main perturbation parameters such as curvature perturbations, scalar spectral index, and tensor-to-scalar ratio.
Considering the compatibility of the model with observational data was followed in next step, and constraining the
free parameter by using the data was sought. In this regards, three well-known Lagrangian were picked out as non-
canonical, tachyon and DBI models, and for each case the three cases of the mentioned ansatz were investigated. For
non-canonical model it is found out that the scalar spectral index could not reach the observational range for the
interested values of the number of e-fold. As a matter of fact, for any model with constant sound speed, the scalar
spectral index could not reach the observational range. For the second model, the tachyon scalar field model was
considered, and despite the fact that for tachyon model the sound speed in varying the scalar spectral index meet the
observational data for the scalar spectral index only for high values of the number of e-fold which is not acceptable
since we are looking for the number of e-fold about 55− 65. Last Lagrangian belongs to the DBI scalar field model.
Using the observational data for energy scale of the universe and the curvature perturbation, the two free parameters
of the model was determined. Then, by using the Planck r−ns diagram it was aimed to plot the acceptable range for
other free parameters in which to get an agreement with data. In this regards, the situation was considered for each
ansatz. The results indicates that if the term L,X is taken as a power-law function of the β, then the model could not
achieved the goal, however for other two cases, it is possible to constrain the parameter so that to have our interest
values for the perturbation parameters and reach to an agreement between the model prediction and observational
data.
The time derivatives of the scalar field reveals whether the scalar field increases or decreases during the time. On the
other hand, since the end of inflation is taken as ǫ = 1, the consistency of these two parameter should be noted in
which if φ˙ < 0(> 0) then ǫ should reached unity for smaller (larger) values of the scalar field. To check this consistency,
the behavior of the time derivatives of the scalar field and the first slow-roll parameter was plotted separately for
the last two cases of DBI model by using the free parameters that have just determined. The Figs.7 and 10 clearly
portray that by having a negative φ˙ the slow-roll parameter ǫ reaches one for the smaller values of the scalar field and
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for positive φ˙ the slow-roll parameter ǫ arrives at one for bigger values of the scalar field.
The potential of the scalar field for all cases is studied as well, where it is shown that, as it was expected, at the
beginning of inflation the scalar field stands on the top of its potential, then it rolls down to the bottom. The energy
scale of the inflation was about (V ⋆)1/4 ∝ 10−3(Mp) which is smaller than the Planck energy scale.
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